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Introduction
Analytical modeling of the dynamic thermal response of materials with gradation of thermal properties in the direction perpendicular to the surface is of interest in various fields. This is an essential step in the design and optimization of the structure of functionally graded materials, such as those intended to withstand high thermal loads (e.g., thermal barriers) [1] , [2] , [3] . This may also be useful for interpreting the thermal response of functionally graded materials designed for other purposes, such as achieving a specific mechanical property (e.g., hardness). More specifically, it may happen that the mechanical property gradient is correlated with a thermal-property gradient, thus opening the possibility of performing an indirect evaluation of the first through a non-destructive evaluation of the latter, for example with a photothermal method (see, e.g., [4] - [15] ). The thermal characterization of living biological systems, tissue engineering and biotechnology in medicine are other areas where advances in thermal modeling in complex media (namely graded media) provide indisputable benefits [16] - [19] . Analytical methods for thermal diffusion problems are restricted to objects with simple geometry and boundary conditions. In more complex situations, e.g. complicated shape, presence of inclusions, fracture or holes, complex boundary conditions or complex distribution of thermal loads, the use of numerical methods is necessary. A large number of numerical methods have been developed to solve the problem of heat diffusion in graded media: the boundary element method [20] , meshfree methods like the method of fundamental solutions [21] - [23] , the finite element method and its non-remeshing version, e.g. the extended finite element method [24] and the version based on extended isogeometric analysis [25] . Nevertheless, although numerical methods are capable of solving complex problems, the obtained solutions correspond to one specific case and generalization is not easy. On the opposite, in their domain of applicability, the analytical solutions are faster, more insightful, they are easy to parameterize and thus open a clearer way to a sensitivity analysis. In addition, numerical methods require some expertise in the discretization/meshing phase, which is absent from analytical methods. Because of this additional complexity, analytical methods are favored in the early stages of design or analysis. The tradeoffs between different design parameters are then easier to analyze. In a sense, analytical methods are less accurate because of the simplifying assumptions required. On the other hand, in the frame of these hypotheses, they are exact, contrary to numerical methods which always suffer from discretization errors. This is the reason for striving to widen as much as possible the scope of analytical methods. With this in mind, the purpose of present paper is to describe a new method for one-dimensional thermal modeling in graded layers or multilayers.
There is no closed-form solution for the dynamic temperature in the case of arbitrary spatial distributions of the thermal properties (basically, conductivity and the volumetric heat capacity (VHC)), even in the simplified case of one-dimensional linear transfer. This applies to both time-space and the Laplace-Fourier (LF) space. Series solutions have been proposed in time-space by implementing either the Generalized Integral Transform Technique [19] , [26] - [28] , radial basis functions [21] - [23] or the Spectral Parameter Power Series method [29] . However, the series must be truncated, which makes the methods approximate in essence. In addition, it is not easy to guess which set of property profiles truly corresponds to the inferred temperature solution obtained after truncation (if such a set ever exists). Moreover, steep property profiles are expected to require longer series to achieve a given accuracy. Until recently, exact, analytical and closed-form solutions to the heat equation in the LF space were known only for a limited number of profile configurations (in time-space, their number is still lower). A profile configuration is typically defined by a set of two functions of depth z describing the profiles of two among the following four thermal properties: conductivity   7 to the problem. The quadrupole method can also be used in the presence of internal heat sources, either localized or distributed, in which case different strategies have been proposed to obtain stable solutions [56] . The quadrupole matrices for linear and exponential profiles of conductivity (with otherwise constant heat capacity) were described in Ref. [33] . A stacking of quadrupoles related to linear profiles has been considered in Ref. [38] for modeling the photothermal response of a piecewise linear depth profile of conductivity. A higher-order representation is thereby achieved, as compared with the classical piecewise constant depth profile approach. The interest of the latter is in its simplicity; it nevertheless requires subdividing the slab under study into a large number of layers (and then calculating a respectively large number of quadrupoles) if the profile aimed to be modeled presents rapid variations (see, e.g., [11] , [57] ). The same accuracy, however with fewer quadrupoles, would be obtained by considering linear-profile quadrupoles. Quadrupoles of even higher order could be considered; this paper fits into this perspective.
A recently described method allows infinite sequences of solvable profiles to be built together with the temperature solutions in the LF space [58] . The first operation is a Liouville transformation, which allows the Successive Darboux transformations were then applied to both the (transformed) temperature equation and the effusivity equation (PROFIDT method -Property and Field Darboux Transformation). They provide simultaneously new solvable profiles of effusivity and the corresponding temperature solutions. Applying the PROFIDT method recursively progressively provides more sophisticated effusivity profiles, with a chance of coming close to a pre-determined profile and, hence, being able to solve the thermal problem for that specific profile with an arbitrarily small approximation error. In addition, the use of the "fundamental solutions" as seed solutions for starting the PROFIDT sequence offers the advantage that all subsequent solutions are exclusively based on elementary functions. A class of monotonic profiles that are particularly suitable to model semi-infinite layers, the so-called
-type profiles, has been described in [58] and [59] . The   ŝech -type profiles are, in turn, highly flexible profiles depending on four adjustable parameters; they constitute the building blocks of what has been dubbed the "solvable splines" [58] . Their quadrupole formulation was described in Ref. [60] . They allow computing the thermal response of a multilayer made of graded layers, where the effusivity profile may be continuous up to the first or second derivative at each interface. Importantly, these analytical tools, in particular the PROFIDT approach, can be applied to wave equations as well. Their application to the Maxwell equations, in particular to modeling lightwave propagation in dielectrics with a graded refractive index, was described in Refs. [61] , [62] and [63] . The "fundamental solutions" were briefly described in Ref. [58] . Although the related effusivity profiles do not present the same flexibility as that of the      s will be called a metaproperty. Depending on the form of heat equation, the variable change is as follows:
In each case, this leads to the same differential equation, which is a second-order equation in the so-called
Liouville normal form:
This also amounts to be a stationary Schrödinger equation with potential
Notice that the "Schrödinger" name is given to Eq. (11) just because of a formal similarity. However, no square-integrability condition applies to the (pseudo) wave-function  as in quantum mechanics. In addition, in the present context, solutions are sought for arbitrary values of the complex parameter p ; there is no quest for eigenvalues or bound states as in quantum mechanics.
Preeminence of effusivity variations in the description of the thermal field
A first observation, as already mentioned in [58] , is that the Liouville transformation offers the advantage of reducing the number of influential thermal profiles from two to one, namely from conductivity and VHC, in Eq. (3)- (4), to solely effusivity in Eq. (6)- (7) . Furthermore, notice that the Fourier law is expressed in the  -space as:
, which means that conductivity has been "replaced" by effusivity (the same applies, of course, in the Laplace-Fourier space:
. This is simply a consequence of the fact that the temperature gradient is now expressed in the  -scale, not in the z -scale. Hence, any boundary condition involving the conduction heat flux will be expressed in the  -space with effusivity and no other thermal property. Finally, stretching the (depth) z -scale into the (SRDT)
 -scale has allowed the conductivity and heat capacity profiles to be merged into a unique influential profile, namely the effusivity
. This underlines the unique role played by effusivity in the dynamic development of the temperature field. A direct consequence is that when comparing the response of two materials to a same heat load (i.e., same boundary condition type and same initially obtained in the Liouville space; it is simply a case of selecting among the three expressions below the one that corresponds to the information input: 
Note that, for the second and third choices, the effusivity profile   is then recursive, which would require iterations for its evaluation. Another approach consists in capitalizing on the inverse of Eq. (5), which is given below through three equivalent expressions:
Hence, given a profile   are out of reach. Hopefully, important exceptions exist, namely when one or the other of these three parameters is known to be constant (actually, the case of constant diffusivity is trivial, since then the z -scale and the  -scale are simply proportional). Moreover, Eq. (14) can be replaced by a more general expression:
happens to be constant for a particular value of the constant parameter q (the cases 0  q ,
correspond, respectively, to constant VHC, constant diffusivity and constant conductivity), the integral in Eq. (15) amounts to calculating the primitive of
For some of the solvable profiles that will be presented later, this quadrature can be expressed analytically, at least for some particular values of the parameter q .
2.5.
Present scope: solutions stemming from a constant potential   (8), as the square of the aforementioned functions, or of their reciprocal. These profiles and the corresponding field solutions were briefly outlined in Ref. [58] . They generalize, for arbitrary diffusivity profiles, the solutions presented in Ref. [20] for constant diffusivity only. Furthermore, the solutions are doubled as a result of exploring the  -form equation in addition to the classical T -form equation. Their counterparts for the wave equation have also been briefly outlined in Ref. [61] ; they generalize those presented in Refs. [64] and [65] by considering arbitrary incidence and polarization, not only normal incidence. The solutions stemming from a constant potential have been presented in [58] and [61] as "fundamental solutions", which were then used as seed solutions for the PROFIDT method (PROperty and FIeld Darboux Transformation). Our objective here is to go deeper into the analysis of these fundamental solutions, which, despite a remarkable simplicity, show a great interest for modeling graded layers, in particular coatings. We will provide the necessary tools for an easy implementation, in particular the quadrupole formulations, both for T -form and  -form profiles.
Fundamental solutions obtained from a constant potential
We will distinguish the three cases: 
Let us recall that the plus sign in the exponent refers to the T -form solution and the minus sign refers to the  -form solution. Due to the positivity constraint on the result of the linear combination in Eq. (17) (since   
A few profiles of   , which has been drawn in red dashed line. The (normalized) profile expression is simply the reciprocal of the previous one, namely
. These two solutions are mathematical asymptotical limits intended to model situations where the product of conductivity and VHC decreases to very low values (as could be observed with a strong-porosity gradient), or conversely increases to very high values (as for example in a composite material with an increasing density of metallic particles, up to percolation). (15)- (16) and Eqs. (19)- (21) 
where 1  represents the square root of the total diffusion time through the graded layer, i.e., according to Eq. 
Temperature computations
The results that will be presented first are aimed at simulating the radiometric photothermal response of a graded coating of "linear" type when laid over a very thick and homogeneous substrate. The front face of the coating, where effusivity takes the value 0 b , is subjected to a heat source of power density   p  (in the Laplace-Fourier space). The rear face of the coating, where the effusivity reaches the value 1 b , is backed by a semi-infinite homogeneous layer having the same effusivity 1 b . When the free surface of the coating is submitted to linear heat losses with coefficient h (boundary condition of the third type), the temperature response at this free surface is given by (see, for example, Refs. [55] , [56] and [66] , and references therein):
where A, B, C, D are the quadrupole entries of the coating (Eq. (27)) and Z is the thermal impedance of the substrate; i.e.,
The following examples will, however, be restricted to the adiabatic case; i.e., h =0. The first results correspond to the periodic case (modulated heat source of power-density magnitude P -not to be confused with the independent solution in Eq. (12) -and angular frequency  ; the spectral variable p appearing in Eq. (29) should then be set to  i ). The results regarding the amplitude and phase of the surface temperature have been plotted in Fig. 8 and Fig.  9 for four values of the ratio For comparison, we also plotted (in blue) the classical response of a coating with constant effusivity 0 b [67] . To compute the response of the uniform coatings, the quadrupole entries A, B, C, D expressed in Eq. (28) simply have to be substituted into Eq. (29) . In the latter case of a homogeneous coating, the effusivity presents a jump from 0 b to 1 b right at the interface. In the graded coating systems presented in this paper, the effusivity profile is continuous (albeit non-smooth) at the interface. b . This observable can be interpreted as a (frequency-dependent) "apparent effusivity" normalized by 0 b .
In Fig. 8 , at low and high frequency, the temperature amplitude evolves asymptotically with the frequency as trend and which magnifies the differences between the coating responses (see Fig. 10 ). This is a frequency-dependent function whose asymptotic limits are 1 for . This is the frequency-domain counterpart of the apparent effusivity initially defined in the time domain [68] , and which will be discussed further on. This empirical observable has a potential for in-depth effusivity scanning. In other words, it provides a simple, yet quite crude, identification of the in-depth variations of effusivity. As a matter of fact, by sweeping from high-frequency to low-frequency values, progressively deeper values of the effusivity profile can be revealed. Of course, this approach is very approximate. This is confirmed through the homogeneous coating cases (blue curves). As a matter of fact, the effusivity jump at the interface between the coating and the substrate is not reflected in the curves of the apparent effusivity. The transition is much smoother. Moreover, even slight undulations are noticed when the normalized frequency is in the range 0.1-1. Similar undulations are also observed in the phase plot (Fig. 9 ) and they are classically interpreted as the result of "interferences" of the so-called "thermal wave". It should also be noted that the (normalized) apparent effusivity comes close to the value representative of the substrate, namely , only for very low values of the normalized frequency (less than 10 -2 , or even 10 -3 , depending on the acceptance criterion). When considering the coatings with a graded effusivity now, on the whole, the evolution with frequency of the amplitude response and the phase response is smoother, which is nothing unexpected (compare the black and red curves on the one hand and the corresponding blue curves on the other hand). On the other side, the previously mentioned undulations are now absent from the amplitude (and apparent-effusivity) curves as well as from the phase curves. Furthermore, when starting from high frequency values and moving downwards, the departure from the behavior of a material with constant effusivity 0 b is observed earlier with a graded coating, which, again, is quite natural, since effusivity starts changing immediately below the free surface.
The T -form and  -form profiles present different responses. They compare differently, whether is larger or smaller than one. In the former case, i.e., for an increasing effusivity profile, the effusivity moves 20 faster from 0 b for a T -form profile than it does for a  -form profile (see Fig. 3 ). In the latter case, i.e., for a decreasing effusivity profile, it is the contrary. This explains why, for that are the inverse of each other [67] . This means that the blue curves in the phase plot in Fig. 9 are symmetric with respect to the reference line at 45°. Similarly, the blue curves in the amplitude plot in Fig. 8 [6], [66] , [68] , [69] , [70] , [71] . This temperature (relative) contrast has been plotted in Fig.   11 for the eight graded and four step-profile coating systems considered in Figs. 8-10 . Let us now compare the "frequency-version" of the apparent effusivity in Fig. 10 and the "time-version" in Fig. 11 . Broadly speaking, the comments on the results obtained in the frequency domain can be directly transposed in the time domain after reversing the frequency scale. There are, nevertheless, some important differences. The first point to notice is that the undulations in the blue curves related to the homogeneous coatings in Fig.  10 are absent in Fig. 11 . Thus, in the time domain, it appears that a monotonically increasing/decreasing effusivity profile gives rise to a similarly monotonically increasing/decreasing evolution of the apparent effusivity, which is obviously a good point. The second difference lies in the fact that the apparent-effusivity transition between 0 b and 1 b is far steeper in the time log-scale than in the frequency log-scale. This is particularly noticeable for the homogeneous-coating systems (blue curves). All of this means that the time response seems to provide a "clearer" and more faithful tomographic image of the subsurface effusivity profile than the frequency response does. Of course, this statement refers to the raw signals, which does not preclude that, after implementing ad hoc inversion strategies, the results are necessarily improved in both cases. Nevertheless, between modulated and pulsed experimental methodologies, it would be quite tempting to choose the latter, since it produces, from the outset, a signal of higher intrinsic quality regarding the potential for depth profiling. Let us now consider the two limiting cases drawn with dashed lines in Fig. 3 (  -form). These graded layers should be considered on their own. The first one has a permanently null flux on its rear face, i.e. at 1 z z  (it will be assumed that the temperature derivative is bounded at this location), whereas the second one has a permanently null temperature. For that reason, the classical configuration with a homogeneous layer that will be compared with the limiting case , a condition of the first kind with 0 1  T will be applied. The expression for the temperature in Eq. (29) is simplified as follows for the two graded layers:   0 ; 1 coth
In both cases, we can recognize the temperature of a homogeneous semi-infinite material of effusivity 0 b multiplied by a corrective term in brackets. One can notice that, in the adiabatic case ( h =0), the corrective terms in Eq. (30) In Fig. 12 to 13 , the amplitude and phase of the periodic response of the former graded and homogeneous slabs have been plotted. The (frequency-dependent) apparent effusivity, as defined from the inverse amplitude contrast, is plotted in Fig. 14 . The same as is obtained in the time domain when replacing the modulated heat source by a pulse source can be seen in Fig. 15 . The results for the homogeneous slabs are well known and do not need any comment. Regarding the "linear"-type layers, a general remark is that, on the whole, the departure from the homogeneous, semiinfinite case and the entry into the "deep" asymptotic behavior is observed sooner, which means at a higher value of the decreasing frequency, or a smaller value of the increasing time. In addition, all observables (amplitude, phase and both apparent effusivities) are monotonically increasing or decreasing. The asymptotic limits for the phase are the same as those for the corresponding homogeneous slabs. 
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These profiles encompass those presented in Ref. [20] , which were restricted to constant diffusivity. They . We will next focus on the modeling of layers of finite-thickness with the profiles described in Eq. (32) . Taking into account that these profiles reach 0 b and 1 b , respectively, at the left edge ( 0   ) and right edge ( 1    ) of the graded layer, they can also be expressed as follows:
There is one degree of freedom left, namely the free parameter or smaller than that of the  -form curve of "linear-type" (here: 0.845), two distinct solutions can always be found: one of hyperbolic type and  -form, resp. T -form (Fig. 16) , and one of trigonometric type and T -form, resp.  -form (Fig. 17) in the second case. If the left-derivative target is between these limiting values, there are, again, two solutions but of hyperbolic-type only (one of T -form and one of  -form; see the recovery region in Fig. 16 ). In summary, given two end values 0 b , 1 b , and one value of the left-end derivative, 0 b , there is always a possibility of choosing between two profiles in the joint class of trigonometric and hyperbolic profiles, of T -form and  -form. , is also of interest. As was observed with the "linear"-type profile, only the T -form profiles are then of practical interest. The hyperbolic and trigonometric solutions are illustrated in Fig. 18 . The hyperbolic profiles all decrease monotonically, while the trigonometric profiles may also present other forms, such as, for example, with a rising portion first and then a falling portion. Fig. 18 . Fundamental effusivity profiles of the "hyperbolic" type (in orange) and of the "trigonometric" type (in green) satisfying the boundary condition 1 b =0. All are of T -form. They extend on either side of a common limiting profile illustrated by a dashed black line, which corresponds to the "linear" type profile in Fig. 3 of the same line type. The (normalized) effusivity slope at the left edge takes on values from -2 to -6 ("hyperbolic" type) and from -2 to +3 ("trigonometric" type) in steps of 0.5.
Effusivity profiles in the z-space
Performing the inverse Liouville transformation is more involved than in the linear case. However, at least when VHC is constant ( 0  q ), or heat conductivity is constant ( 1  q ), closed-form analytical expressions describing the relationship between z and  can be found. First, the two coefficients Fig. 19 when assuming that the thermal conductivity is constant.
Quadrupole related to hyperbolic and trigonometric profiles
Regarding the field function   p ,   , the only difference with the linear case, is that p is now replaced by
The entries of the corresponding quadrupole are obtained after some algebra: and then apply the permutation rule described in Eq. (A-6).
Temperature computations
The temperature has been computed to simulate the same modulated photothermal experiment as that considered with the "linear"-type coatings in § 3.1.4. For that purpose, the quadrupole entries defined in Eq. (40) have been substituted in the temperature expression in Eq. (29) . The following illustrations refer again to the case where effusivity triples from the free surface of the coating down to the interface with the substrate: Fig. 16 (with the same colors) . The arrows indicate an increasing slope of the effusivity profile at the free surface ( z = =0).
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Let us recall that the temperature amplitude evolves with a frequency according to the general rule: effusivity at a small/large depth is anti-correlated with the amplitude at a high/low frequency. However, this effect is progressively dampened with depth. In addition, local features in the effusivity profile are sensed over a frequency range that widens (in a logarithmic scale) as the depth increases. As a consequence, the shallow effusivity features are more clearly revealed in the apparent effusivity curve than the deeper features (see Fig. 22 and Fig. 24 ). Clear evidence is obtained when considering the overshoot that some of the effusivity profiles present, as compared to the final level =3. This is observed for the highest red profiles in Fig.  16 and the highest black profiles in Fig. 17 . Such an overshoot is, however, not seen in the related curves of the apparent effusivity in Figs. 22 and 24 : the apparent effusivity does not exceed the asymptotic level of 3 when the frequency is decreasing. This poor restitution of the actual in-depth evolution of effusivity explains the difficulty encountered in achieving a thermal inversion of deep features with great precision. Fig. 21 for the amplitude inverse contrast (i.e., the apparent effusivity in the frequency domain). 
Fig. 22. Same as in
In Eq. (A-4) 
